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1. Introduction
For r ∈ (0, 1), we use the notation r ′ = √1− r2 throughout this paper. The well-known complete elliptic integrals of
the first and second kinds [1,2] are defined by
K(r) =
 π/2
0
(1− r2 sin2 θ)−1/2dθ,
K ′(r) = K(r ′),
K(0) = π/2, K(1) = ∞
(1.1)
and 
E(r) =
 π/2
0
(1− r2 sin2 θ)1/2dθ,
E ′(r) = E(r ′),
E(0) = π/2, E(1) = 1,
(1.2)
respectively. In the sequel, we use the symbolsK and E forK(r) and E(r), respectively.
It is well known that the complete elliptic integrals havemany important applications in physics, engineering, geometric
function theory, quasiconformal analysis, the theory of mean values, number theory and other related fields [3–13].
In view of the importance of the complete elliptic integrals, they have been studied from different points of view. The
asymptotic properties of the complete elliptic integrals have been studied by Anderson et al. [14,15] and inequalities for
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Fig. 1. Curve p = C(q).
them are given in [16–19]. Motivated by problems in the theory of mean values, various authors have presented some sharp
mean bounds, and these results lead to inequalities forK and E [20–22].
For p ∈ R, the Hölder mean Hp(x, y) of order p of two positive numbers x and y is defined by
Hp(x, y) =


xp + yp
2
1/p
, p ≠ 0,
√
xy, p = 0.
It is well known that Hp(x, y) is continuous and strictly increasing with respect to p ∈ R for fixed x, y > 0 with x ≠ y.
The main properties of the Hölder mean are given in [23].
A real-valued function f : I → R is said to be Hp,q-convex (concave) on I if it satisfies
f (Hp(x, y)) ≤ (≥)Hq(f (x), f (y))
for all x, y ∈ I , and strictly Hp,q-convex (concave) if the inequality is strict except for x = y.
Recently, Hp,q-convexity has been the subject of intensive research. In particular, many remarkable properties and
inequalities can be found in the literature [24–33].
Baricz [25] studied the convexity of the zero-balanced Gaussian hypergeometric functions with respect to Hölder means
and proved thatK(r) is strictly Hp,p-convex on (0, 1) for p ∈ (0, 2]. In [32], the authors improved Baricz’s result and proved
thatK(r) is strictly Hp,q-convex on (0, 1) for (p, q) ∈ {(p, q)|p ≤ 2, q ≥ 0}. Wang et al. [29] gave the set D ⊆ R2 such that
K(r) is strictly Hp,q-convex on (0, 1) if and only if (p, q) ∈ D.
Very recently, Chu et al. [26] answered the question of what are the least value p1 and the greatest value p2 such that
Hp(K(x),K(y)) ≥ K(Hp(x, y)) orHp(E(x), E(y)) ≤ E(Hp(x, y)) for all p ∈ [p1, p2] and all x, y ∈ (0, 1). This result has been
generalized to the generalized elliptic integral Ea(r) by Zhou et al. in [33].
It is the aim of this paper to clarify the concavity of the complete elliptic integrals of the second kind E(r) with respect
to Hölder means. Our main result is the following, Theorem 1.1.
Theorem 1.1. The complete elliptic integral of the second kind E(r) is strictly Hp,q-concave if and only if
(p, q) ∈ {(p, q)|p ≤ C(q)},
where C(q) = infr∈(0,1){r2E/[r ′2(K − E)] + (1− q)(K − E)/E} is a continuous function with C(q) = 2 for all q ≤ 5/2 and
C(q) < 2 for all q > 5/2. There are no values of p and q for which E(r) is Hp,q-convex on (0, 1).
Remark 1.1. Making use of mathematical software, we give a picture (Fig. 1) of the curve p = C(q) in the pq-plane.
2. Lemmas
In order to establish our main results we need several lemmas, which we present in this section.
For 0 < r < 1, the following derivative formulas were presented in [6, Appendix E, pp. 474–475]:
dK
dr
= E − r
′2K
rr ′2
,
dE
dr
= E −K
r
,
d(E − r ′2K)
dr
= rK, d(K − E)
dr
= rE
r ′2
.
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Lemma 2.1 ([6, Theorem 1.25]). For −∞ < a < b <∞, let f , g : [a, b] → R be continuous on [a, b], and be differentiable on
(a, b), and let g ′(x) ≠ 0 on (a, b). If f ′(x)/g ′(x) is increasing or decreasing on (a, b), then so are
f (x)− f (a)
g(x)− g(a) and
f (x)− f (b)
g(x)− g(b) .
If f ′(x)/g ′(x) is strictly monotone, then the monotonicity in the conclusion is also strict.
Lemma 2.2. (1) (E − r ′2K)/r2 is strictly increasing from (0, 1) onto (π/4, 1);
(2) r ′1/2K is strictly decreasing from (0, 1) onto (0, π/2);
(3) E/r ′1/2 is strictly increasing from (0, 1) onto (π/2,+∞);
(4) KE is strictly increasing from (0, 1) onto (π2/4,+∞);
(5) (K − E)/(r2K) is strictly increasing from (0, 1) onto (1/2, 1);
(6) r ′c(K − E)/r2 is strictly decreasing from (0, 1) onto (0, π/4) if and only if c ≥ 3/4;
(7) E(E − r ′2K)/[r ′2K(K − E)] is strictly increasing from (0, 1) onto (1,+∞).
Proof. Parts (1)–(5) follow from [6, Theorem 3.21(1), (7) and (8), Theorem 3.31(1) and Exercise 3.43(32)].
Part (6) can be found in [16, Theorem 15].
Part (7) follows from parts (1) to (3) and (6). 
Lemma 2.3. The function
f (r) = K − E − (E − r
′2K)
(E − r ′2K)(K − E)
is strictly increasing from (0, 1) onto (1/π, 1).
Proof. Let f1(r) = K − E − (E − r ′2K) and f2(r) = (E − r ′2K)(K − E); then we clearly see that f1(0) = f2(0) = 0, and
f1′(r)
f2′(r)
= r(E − r
′2K)
rE(E − r ′2K)+ rr ′2K(K − E)
= 1/E
1+ r ′2K(K − E)/[(E − r ′2K)E] . (2.1)
It follows from (2.1) and Lemma 2.2(7) together with Lemma 2.1 that f (r) is strictly increasing in (0, 1) and
limr→0+ f (r) = 1/π . Moreover, the limiting value of f (r) at r = 1 can be obtained from (1.1) and (1.2). 
Lemma 2.4. The function
g(r) = E + r
′2(K − E)2
r2E
is strictly decreasing from (0, 1) onto (1, π/2).
Proof. By differentiation, we have
g ′(r) = [−2r(K − E)
2 + 2rE(K − E)]r2E − r ′2(K − E)2[2rE − r(K − E)]
r4E2
− K − E
r
= 2r
2E(K − E)(2E −K)− r ′2(K − E)2(3E −K)
r3E2
− K − E
r
= −K(K − E)
rE

3
K − E
r2K
− r
′2(K − E)
r2E
− 1

. (2.2)
It follows from (2.2) and Lemma 2.2(3), (5) and (6) that the function 3(K − E)/(r2K)− r ′2(K − E)/(r2E)− 1 is strictly
increasing from (0, 1) onto (0, 2), and g(r) is strictly decreasing in (0, 1). Moreover, the limiting values g(0+) = π/2 and
g(1−) = 1 follow from (1.1) and (1.2) together with Lemma 2.2(6). 
Lemma 2.5. The function
h(r) =
r2E2

(K − E)(E − r ′2K)+ E

(K − E)− (E − r ′2K)

r ′2(K − E)2 r ′2(K − E)2 + r2E2
is strictly increasing from (0, 1) onto (3/2,+∞).
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Proof. Note that
h(r) = (KE)2 · E − r
′2K
r2
· K − E
r2K
· [1/E + f (r)]×

r ′3/4(K − E)/r2
2
(r ′1/2K)g(r)
−1
, (2.3)
where f (r) and g(r) are defined as in Lemmas 2.3 and 2.4, respectively.
Therefore, Lemma 2.5 follows from (2.3), Lemma 2.2(1), (2), (4)–(6), and Lemmas 2.3 and 2.4. 
Lemma 2.6. Let q ∈ R,
G(r) = r
2E
r ′2(K − E) + (1− q)
K − E
E
,
and C(q) = infr∈(0,1) G(r). Then the following statements are true:
(1) If q ≤ 5/2, then G(r) is strictly increasing from (0, 1) onto (2,+∞).
(2) If q > 5/2, then there exists r0 ∈ (0, 1) such that G(r) is strictly decreasing in (0, r0) and strictly increasing in (r0, 1).
Moreover, C(q) < 2 and the range of G(r) is (C(q),+∞).
Proof. Simple computations lead to
lim
r→0+
G(r) = 2, (2.4)
lim
r→1−
G(r) = +∞, (2.5)
G′(r) = r
′2(K − E)[2rE − r(K − E)] − r2E[−2r(K − E)+ rE]
r ′4(K − E)2 + (1− q)
rE2/r ′2 + (K − E)2/r
E2
= rr
′2(K − E)(3E −K)− r3E(3E − 2K)
r ′4(K − E)2 + (1− q)
r2E2 + r ′2(K − E)2
rr ′2E2
= r
2E2 + r ′2(K − E)2
rr ′2E2
[1− q+ h(r)] , (2.6)
where h(r) is defined as in Lemma 2.5.
Therefore, Lemma 2.6 follows from (2.4) to (2.6) and Lemma 2.5. 
Lemma 2.7. Let p, q ∈ R and
H(r) = E(r)q−1K(r)− E(r)
rp
.
Then the following statements are true:
(1) If q ≤ 5/2, then H(r) is strictly increasing in (0, 1) if and only if p ≤ 2, and H(r) is not monotone if p > 2.
(2) If q > 5/2, then H(r) is strictly increasing in (0, 1) if and only if p ≤ C(q), and H(r) is not monotone if p > C(q), where
C(q) is defined as in Lemma 2.6.
Proof. By logarithmic differentiation, we have
H ′(r)
H(r)
= (1− q)K − E
rE
+ rE
r ′2(K − E) −
p
r
= 1
r
[G(r)− p] , (2.7)
where G(r) is defined as in Lemma 2.6.
We divide the proof into four cases.
Case A. q ≤ 5/2 and p ≤ 2. Then from (2.7) and Lemma 2.6(1) we clearly see that H ′(r) ≥ 0 in (0, 1). Thus H(r) is strictly
increasing in (0, 1).
Case B. q ≤ 5/2 and p > 2. Then (2.7) and Lemma 2.6(1) lead to the conclusion that there exists r1 ∈ (0, 1) such that
H ′(r) < 0 for r ∈ (0, r1) and H ′(r) > 0 for r ∈ (r1, 1). Thus H(r) is strictly decreasing in (0, r1) and strictly increasing in
(r1, 1).
Case C. q > 5/2 and p ≤ C(q). Then from (2.7) and Lemma 2.6(2) we clearly see that H ′(r) ≥ 0 in (0, 1). Thus H(r) is
strictly increasing in (0, 1).
CaseD. q > 5/2 and p > C(q). Then (2.7) and Lemma2.6(2) lead to the conclusion thatH(r) is notmonotone in (0, 1). 
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3. Proof of Theorem 1.1
Proof of Theorem 1.1. We divide the proof into two cases.
Case 1. q ≠ 0.
Without loss of generality, we assume that x ≤ y. Define
F(x, y) = E Hp(x, y)q − E(x)q + E(y)q2 . (3.1)
Let t = Hp(x, y), then ∂t/∂x = (x/t)p−1 /2. If x < y, then t > x. By differentiation, we have
∂F
∂x
= q
2
E(t)q−1
E(t)−K(t)
t
x
t
p−1 − q
2
E(x)q−1
E(x)−K(x)
x
= q
2
xp−1

E(x)q−1
K(x)− E(x)
xp
− E(t)q−1K(t)− E(t)
tp

. (3.2)
We divide the proof into four subcases.
Subcase 1.1. q ≤ 5/2 and p ≤ 2. It follows from (3.2) and Lemma 2.7(1) that ∂F/∂x < 0 if q > 0, and ∂F/∂x > 0 if q < 0.
Hence F(x, y) > F(y, y) = 0 if q > 0, and F(x, y) < F(y, y) = 0 if q < 0. Then from (3.1) we have
E

Hp(x, y)
 ≥ Hq (E(x), E(y))
for p ≤ 2 and q ≤ 5/2, with equality if and only if x = y.
Therefore, E is strictly Hp,q-concave for (p, q) ∈ {(p, q)|p ≤ 2, q ≤ 5/2, q ≠ 0}.
Subcase 1.2. q ≤ 5/2 and p > 2. Then making use of (3.1), (3.2) and Lemma 2.7(1) together with an argument similar to
that in Subcase 1.1, we know that E is neither Hp,q-concave nor Hp,q-convex on (0, 1).
Subcase 1.3. q > 5/2 and p ≤ C(q). Then making use of (3.1), (3.2) and Lemma 2.7(2) together with an argument similar
to that in Subcase 1.1, we conclude that E is strictly Hp,q-concave for (p, q) ∈ {(p, q)|p ≤ C(q), q > 5/2}.
Subcase 1.4. q > 5/2 and p > C(q). Then making use of (3.1), (3.2) and Lemma 2.7(2) together with an argument similar
to that in Subcase 1.1, we clearly see that E is neither Hp,q-concave nor Hp,q-convex on (0, 1).
Case 2. q = 0.
Without loss of generality, we assume that x ≤ y. Define
J(x, y) = E

Hp(x, y)
2
E(x)E(y)
. (3.3)
Let t = Hp(x, y); then ∂t/∂x = (x/t)p−1 /2. If x < y, then t > x. By logarithmic differentiation, we get
1
J(x, y)
∂ J
∂x
= xp−1

K(x)− E(x)
xpE(x)
− K(t)− E(t)
tpE(t)

. (3.4)
We divide the proof into two subcases.
Subcase 2.1. p ≤ 2. It follows from (3.4) and Lemma 2.7(1) that ∂ J/∂x < 0 and J(x, y) > J(y, y) = 1. Then from (3.3) we
have
E

Hp(x, y)
 ≥ Hq (E(x), E(y)) ,
with equality if and only if x = y.
Therefore, E is strictly Hp,q-concave for (p, q) ∈ {(p, q)|p ≤ 2, q = 0}.
Subcase 2.2. p > 2. Thenmaking use of (3.3), (3.4) and Lemma 2.7(1) togetherwith an argument similar to that in Subcase
2.1 we know that E is neither Hp,q-concave nor Hp,q-convex on (0, 1). 
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